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Anisotropic neutrino emission during the neutron star formation can be the origin of the observed
proper motions of pulsars. We derive a general expression for the momentum asymmetry in terms
of the neutrino energy flux gradient, and show that a nonvanishing eect is induced at the lowest
order by a deformed neutrinosphere. In particular, this result is valid for a neutrino flux transported
through a spherical atmosphere with constant luminosity.
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I. INTRODUCTION
Observations show that pulsars have peculiar proper motions. They have very high translational velocities with
respect to the surrounding stars, with a mean value of 450 km/s and up to a maximum of about 1000 km/s [1]. This
suggests that some kind of impulse (kick) happens during the birth of the neutron star. Dierent mechanisms have
been proposed to explain the kick, but most of them have diculties to produce the large observed velocities.
Neutrinos carry away almost all the energy released in the gravitational collapse ( 31053 erg), taking with them
a momentum  100 times the momentum associated with the spatial motion of pulsars. Therefore, a 1% anisotropy
in the momentum distribution of the outgoing neutrinos would suce to account for the translational kick.
An interesting mechanism to explain the asymmetric neutrino emission from a cooling protoneutron star has been
proposed by Kusenko and Segre [2]. It is based on the matter neutrino oscillations in the presence of an intense
magnetic eld. The emission surface of the electron neutrino is located at a radius larger than the one corresponding
to the muon or tau neutrino. Under suitable conditions, a resonant transformation νe ! ντ can take place in the
region between the boundaries of the electron and the tau neutrinospheres. The νe are trapped by the medium, but
the ντ produced in this way are outside their neutrinosphere and free to escape from the protostar. Consequently,
the surface of resonance acts as an eective tau neutrinosphere. If there is a magnetic eld, or another non-isotropic
eect, this surface of resonance becomes distorted and an anisotropy in the energy flux is generated, causing a kick
to the protostar.
Doubts about the eectiveness of this mechanism have been raised by Janka and Raelt [3]. According to them,
no eect is generated at lowest order because it is not justied to calculate the flux asymmetry from the temperature
variation around the surface of resonance. The neutrino luminosity in the protoneutron star is controlled by the core
emission and is not aected by local processes in the atmosphere, where the flavor transformation occurs. In support
of their argument, Janka and Raelt use the Eddington model for a plane-parallel stellar atmosphere [4] to estimate
a residual asymmetry that is induced by higher-order corrections.
In this work we reconsider the problem of the neutrino oscillation mechanism for pulsar kicks. We derive an
expression for the fractional momentum asymmetry in terms of the spatial derivative of the energy flux. Using this
result, we show that the distortion of the resonance surface by the presence of a magnetic eld generates a geometrical
asymmetry in the neutrino emission to zero order, even in the case of a constant luminosity. To illustrate this eect,
we consider two simple self-consistent models for a spherical protostar atmosphere, which satisfy the energy flux
conservation. In particular, in one of the models we use the Eddington approximation adapted to the spherical
geometry, and the eect results to be of similar magnitude to the one predicted in the original papers [2,11].
To make the comparison with the existing literature easier, we restrict the discussion to the standard mechanism
of neutrino oscillations between massive active neutrinos, and a magnetic-eld induced deformation of the resonance
surface. Nevertheless, our approach can be straightforwardly extended to other situations, such as active-sterile
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oscillations and oscillations produced by a violation of the equivalence principle (VEP) [7{9]. Larger masses are
acceptable for sterile neutrinos [6], and in the case of VEP no magnetic eld is needed to deform the resonance surface
[9].
In the following section we examine the eect of the deformation of the resonance surface on the neutrino energy
flux, emphasizing the relevance of the geometrical variation of flux to produce an asymmetric momentum emission.
In Sections III and IV, we apply the results of Section II to the Eddington and the polytrope neutrinosphere models
and estimate the magnitude of the magnetic eld required to explain the observations. The last section presents some
general conclusions.
II. SURFACE OF RESONANCE AND NEUTRINO ENERGY FLUX
We consider oscillations between two neutrino flavors, say νe and ντ , in the interior of a spherical protostar.
Neutrinos have an average energy E = k = jkj, which depends on the radial coordinate r. In the absence of a
magnetic eld, or any isotropy-breaking interaction, the resonant transformation takes place on the surface of a






where kr = k(Rr) and Ner = Ne(Rr). Here, θ is the vacuum mixing angle, GF is the Fermi constant, and m2 =
m22 −m21 is the dierence between the square mass of the neutrinos. We assume that the number density of electrons
Ne(r) is proportional to the baryon density ρ(r), Ne(r) ’ 0.1mn ρ(r).
The isotropy-breaking interaction distorts the surface of resonance. In the simplest case this is now dened by a
function R(ϑ) ’ Rr + δ cosϑ, where δ  Rr and ϑ is the angle between the vector position of a point at the surface
and a certain privileged direction. In what follows this will correspond to the direction of the magnetic eld of the
protostar, described by a uniform eld B.








F (Rr + δ cosϑ) cosψdaR pi
0 F (Rr + δ cosϑ)da
, (2)
where the integrals in the denominator and numerator represent the total momentum lost by the protostar per unit
of time and its component along the direction of the magnetic eld, respectively. The factor 1/2 comes from the fact
that only the electron neutrino, and not its antineutrino, contributes to the energy flux asymmetry. The quantity
F (Rr + δ cosϑ) denotes the energy flux of neutrinos evaluated on the distorted resonance surface




δ cosϑ  F (Rr)
(
1 + h−1F δ cosϑ

. (3)
In the integrals of Eq. (2), da is the element of area on the distorted surface of resonance and does not coincide
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h−1F δ , (6)
where for a given function Z(r), h−1Z =
d
dr lnZ(r). Taking into account the energy emitted by the protostar in form
of neutrinos, this ratio must have a value of the order of 10−2 to produce the observed kicks. This expression clearly
shows that the existence of a kick requires a nonvanishing gradient of the flux, i.e. h−1F 6= 0.
2












B cosϑ , (7)
where e is the electron charge, B = jBj, and k andNe are evaluated atR(ϑ). We write k = kr+δk andNe = Ner+δNe,
and thus, from Eqs. (1) and (7) we obtain the relation
m2
2k2r
δk cos 2θ ’ −
p






B cosϑ . (8)
There are two contributions to δNe. One is due to the geometrical distortion of the surface of resonance, assuming
that the dierent proles of the neutrinosphere remain unchanged. The other comes from the distortion of the proles
of temperature, pressure, density, etc., induced by the geometrical distortion. The equations that dene the model
give the relation between the last higher-order contribution and the deformation of the surface of resonance. In this






δR  h−1NeNerδ cosϑ . (9)






δR  h−1k krδ cosϑ . (10)
Inserting Eq. (9) and (10) into Eq. (8), we get [11]














When the neutrino energy is independent of the radial position h−1k = 0 and δ depends only on h
−1
Ne
. Even in this
case neutrinos with the same energy are emitted from the distorted surface of resonance, and lead to an asymmetric
momentum emission.
If we assume that the electron neutrinos are in thermal equilibrium with the stellar medium, the average energy of
the emitted neutrinos is proportional to the temperature at the emission point, k = 7pi
4
180ζ(3)T ’ 3.15T . In such a case,
from Eq. (1) we get
m2 cos 2θ ’ GF ρrTr
mn
. (12)
To have the resonance within the electron neutrinosphere, ρrTr must be larger than the corresponding value at the
surface of the neutrinosphere, ρνeTνe . For an ideal gas this simply means that the pressure at the resonance must be
larger than the pressure at the surface of the neutrinosphere. The νe trapping density is ρ > 1011 g cm−3, and hence
m2 cos 2θ >
GF ρνeTνe
mn
’ 4.3 10−8  Tνe , (13)
where the temperature Tνe is given in MeV . For Tνe ’ (3− 5) MeV , it requires mντ > 100 eV . Now, hk = hT and,
together with hNe = hρ, we obtain














As discussed in Ref. [3], in a neutron protostar the neutrino luminosity Lc is governed by the energy loss from the
core. Throughout the neutrinosphere, the luminosity does not depend on the radial coordinate. For a protostar with










This means that δ must be of the order of 10−2Rr to produce the required kick.
In general, to compute δ and h−1F (or Rr in the case of Eq. (15)) a model for the neutrino atmosphere of a neutron
protostar must be specied. This will be done in the next sections, where we examine two analytical models that
are meaningful up to the neutrinosphere, where the neutrino transport equation holds. In both models the neutrino
transport is in the diusion regime and the luminosity is independent of r, but they dier in the assumed properties
for the medium. In the rst one, the Eddington model, the medium is an ideal gas of nucleons, while in the second
one it is a polytrope gas.
III. THE SPHERICAL EDDINGTON MODEL
The Eddington model gives a simple and physically reasonable description of a neutrino atmosphere, locally ho-
mogeneous and isotropic. For a plane geometry the model was developed by Schinder and Shapiro [4], and here we
extend it to the spherical geometry. Assuming that neutrinos are in thermal equilibrium with the medium, with their
transport satisfying the diusion approximation, the energy density, the energy flux, and the stress tensor of neutrinos

















is the neutrino distribution function at equilibrium, µν is the chemical potential, and
fν is the dierential cross section for neutrino reactions. The factor  depends on ρ and on the square of the neutrino
energy, i.e.  = κρk2 with κ = 5.6 10−9 erg−3cm4s−2.
In the interior of the neutrinosphere we can consider that there are two perfect fluids. One of them is constituted by
nonrelativistic nucleons of mass mn, with a density ρ, and the other by ultrarelativistic neutrinos and antineutrinos,
with a vanishing chemical potential, µν = µν = 0. Photons and electrons are of course present and, in fact, electrons
make the relevant contribution to the eective potential in the case of matter oscillations between active neutrinos.
However, we can ignore both of them for the hydrodynamic description of the system. Therefore, the relationships











T 4 , (20)
where σ ’ 2.09 1049 erg−3cm−3 is the Stefan-Boltzmann constant. Taking into account the gravitational eld φ of
the star, we have for P
rP = −(P + ρ)rφ . (21)
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T 4(r) , (24)
d
dr
P (r) = −















(~r) , where ρ
T
is the total density of mass.
In the region where a resonant transformation could happen the barion density is ρ ’ (1011 − 1012) g cm−3 and
T ’ (3 − 10) MeV . Thus, we have ρνe = 7σ8 T 4 ’
(
10−5 − 10−2 ρ and P ’ (10−3 − 10−2 ρ. Therefore, Eqs. (24)










These equations together with Eq. (23) describe an ideal gas of nucleons at hydrostatic equilibrium, with an energy
flux given by the transport of neutrinos.









where Mr is the protostar mass enclosed by the resonance sphere. Therefore, from Eqs. (28), (14), and (15), the








At this point, assuming that the resonance occurs near the surface of the neutrinosphere, i.e. Rr ’ Rνe , we can
make an estimation of the order of magnitude of B for a typical protoneutron star. Then, taking Rr ’ (20− 30) km,
Mr ’ (1 − 2) M, Tr ’ (3 − 5) MeV , and ρr ’ 1011 g cm−3, to have k/k ’ 0.01 the magnetic eld must be
B ’ (0.4− 2) 1016 G . Of course, these parameters are not independent and a more careful discussion of the model
is necessary.
The neutrinosphere is dened by four functions: pressure P (r), temperature T (r), baryonic density ρ(r), and
energy flux F (r). Up to this point we have only three independent equations relating these functions. A complete
specication of the system requires a fourth relation. A simple analytical model that satises the requirement of a
constant luminosity is the Eddington atmosphere [4]. This model is dened by Eqs. (23), (26), and (27), plus the
hypothesis of the energy flux conservation 5.F = 0. For an isotropic flux, the additional assumption leads to:
∂(r2F )
∂r






where Lc is the luminosity of the protostar.





















To nd the solution of the structure equations for this model we use the following procedure. First we dene a




























a(r) = 1− 1
αcm(r)
. (36)





















T 2 − T 2c a
T 2

= 0 , (38)
where λc = 92pi
κLcρc
T 2c Rc
. According to this equation the slope of the temperature at Rc is independent of the function
a(r), T 0c = −λcTcRc . If we refer to an idealized neutrinosphere, where this model would apply in the whole space, the
interesting solutions correspond to innite protostars where the temperature has an asymptotic behavior for r  Rc,
such that the temperature tends to Ts ’ paTc. Thus, the function a(r) varies in the range 1− α−1c < a < (Ts/Tc)2
for Rc < r <1.
This system of equations has no analytical solution when a is a function of r, and in general there is no perturbative
expansion that gives a good approximate solution at every point within the neutrinosphere. To nd an approximate
solution let us consider the dierential equation (38) with a constant. In this case, for Tc > T >
p
aTc an analytical
(implicit) solution is given by




























If we replace the constant a for a (well behaved) function of r, then the above expression still satises Eq. (38) at
r = Rc. For an innite atmosphere, a good approximation to the exact solution is given by Eq. (39), with a now a
function of T (r):














, and Ts denotes the temperature at the surface of the electron neutrinosphere, which
is assumed to lie in the asymptotic region. From Eq. (40), we see that a(Ts) = (Ts/Tc)
2 and a(Tc) = 1 − α−1c , and
thus it ts the extreme values of a(r).
The surface of the electron neutrinosphere corresponds to a density ρs ’ ρνe . Assuming that the temperature at










with ρνe  ρc. The radius of the neutrinosphere is obtained by evaluating Eq. (39) in Tνe .
To illustrate the predictions of the model, we adopt a neutron protostar with reasonable values for its parameters.
The core is assumed to have Mc = M = 1.13 1060 MeV , Rc = 10 km, Lc = 9.5 1051 erg s−1, ρc = 1014 g cm−3,
and Tc = 40 MeV . We take the surface of resonance as dened by a density ρr = 1011g cm−3, while a numerical
estimation for the asymptotic value of the solution of Eq. (38) gives Ts = 4.8 MeV . Inserting these values into Eqs.
(39) and (41) we get Rνe ’ 2.7Rc, and a numerical computation of the total mass of the star from Eq. (37) gives
Ms = 1.4M. Then, for a resonance region lying near the surface of the electron neutrinosphere, from Eqs. (38),





























According to Eqs. (14) and (15), we see that a k/k of order 0.01 can be obtained with B ’ 7 1015 G. This value
is in agreement with the estimation done by means of Eq. (29). In general, for more extended and hotter Eddington
protostars smaller magnetic elds are needed, as can also be seen from Eq. (29).
The strength of the magnetic eld we have obtained is somewhat higher than those estimated in previous works on
the subject [2,11]. However, it is important to note that for us B is at least an order of magnitude lower than the one
given in Ref. [3]. The discrepancy can be easily understood. We have used a more realistic spherical model, where
the flux varies as r−2 (Eq. (31)), while in Ref. [3] the resonance region was described in terms of a plane Eddington
atmosphere, where F is constant. In the last case h−1F vanishes and no kick is generated at the lowest order.
IV. THE POLYTROPE MODEL
The conditions at the inner core of the protostar are consistent with a polytrope gas of relativistic nucleons with
an adiabatic index Γ = 4/3 [13,14,16]. In this section we assume that this value of Γ also holds in the rest of the star.
This model satises the same equations of hydrodynamic equilibrium (27), energy transport (23) and flux conservation
(31) as the Eddington model, but diers in the equation of state. It leads to a conned atmosphere, where the density
becomes zero at a radius of the order of a few core radii.
The equation of state for a polytrope gas of adiabatic index Γ is given by [15{17]
P = KρΓ . (44)










where λΓ = GMcRcρΓ−1c
(Γ−1)












with m(r) = µ + (1− µ) Rcr , such that m(Rc) = 1. The radius of the star, dened by the surface where the density









(Rs −Rc) . (47)














with a = (1− µ)λΓ, b = (2µ− 1)λΓ, and c = 1− µλΓ.







with ρ given by Eq. (46). The solution to Eq. (49) for Γ = 4/3 can be found exactly. We write it as
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, (50)



















where a, b, and c are the parameters introduced in Eq. (48).
The inverse characteristic lengths of the temperature and density at the resonance can now be calculated from Eqs.























To estimate the magnitude of B we use the same values for the core parameters as in the Eddington model. The
constant K is xed by the condition K = P/ρΓ, which gives K = Tc/mnρc1/3 = 5.610−5 MeV −4/3. Similarly to the
previous section, we adopt here Rs = 5.8Rc from a numerical estimation. The radius of the surface of resonance can be
calculated from Eq. (48) and the result is Rr = 4.2Rc. Using these values in Eq. (53) we obtain h−1T = −410−3R−1r
and h−1ρ = −11R−1r , which substituted in Eqs. (14) and (15) yield B ’ 5  1015 G in order to have k/k ’ 0.01.
This result is in agreement with the values for the magnitude of the magnetic eld calculated in the previous section.
V. CONCLUSIONS
In this paper we revisit the resonant neutrino conversion for pulsar kicks. We show that this mechanism remains
a plausible explanation for the large magnitude of the pulsar velocities. By expressing the kick in terms of the
logarithmic derivative of the energy flux, we make clear that a non-null eect is produced at zero order by the
geometrical variation of this flux combined with a deformation of the resonance surface. This is valid even though the
neutrino luminosities are controlled by the core emission. In the particular case of a plane atmosphere with constant
flux, h−1F vanishes and there is no kick eect to lowest order. However, with a more realistic spherical geometry for
the atmosphere this is not true anymore.
To estimate the neutrino flux anisotropy, we consider two simple self-consistent models for the stellar atmosphere:
the spherical Eddington model and a model for a star composed of a polytropic neutron gas. Both models take into
account the energy flux conservation and give reasonable proles for temperature, density, and pressure. The results
clearly show that the dominant eect is due to the geometrical deformation of the neutrinosphere and not to the
dierence in the temperature of the emission points. This last contribution is at least two orders of magnitude weaker
than the geometrical one. For typical values of the protoneutron star parameters, in both models the magnetic eld
required to generate an appropriate kick is of order of B  (1015 − 1016) G, similar to the original estimations. A
more reliable quantitative evaluation of the eect would require a detailed model and much more involved numerical
calculation. Nevertheless, our simplied discussion indicates that the neutrino oscillation mechanisms can not be
discarded as a possible explanation for the pulsar velocities. Here, we adopt the usual mechanism of oscillations
between massive active neutrinos, which requires a large tau neutrino mass of the order of 100 eV . However, the same
analysis can be performed for more exotic scenarios, such as conversion to sterile neutrinos or oscillations induced by
a violation of the equivalence principle, in agreement with the present boundaries on the neutrino properties.
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